We have calculated the step scaling function and the running coupling of QCD in the Schrödinger functional scheme with four flavors of O(a) improved Wilson quarks. Comparisons of our non-perturbative results with 2-loop and 3-loop perturbation theory as well as with non-perturbative data for only two flavors are made.
Introduction
One ingredient of the contemporary Standard Model is QCD which is believed to describe the strong interaction between quarks and gluons. The theory has six free mass parameters for the six quark species and one coupling parameter. After fixing these free parameters of the QCD Lagrangian at some reference energy scale, the theory in principle predicts presently known effects in which only the strong interaction is involved. Since QCD possesses the property of asymptotic freedom, perturbation theory is applicable in the high energy regime (E ≫ 1GeV), but for low energies lattice QCD, the only known systematic non-perturbative approach, is required. Here a certain number of physical quantities, for example meson masses, have to be identified with experimental inputs to determine the free parameters and in particular to gauge dimensionful quantities on the lattice in powers of GeV. Only then predictions become possible. As an example, the light hadron mass spectrum was studied by different collaborations in quenched as well as in full QCD with up to three dynamical fermion species [1, 2, 3, 4, 5, 6] . The theoretical predictions for the spectrum in full QCD are compatible with the experiments at the error-level achieved so far.
At a first glance the perturbative and non-perturbative formulations seem to be disjoint and have their own domains of applicability. In a long-term project, the ALPHA collaboration has been developing methods and tools to connect these regimes by computing the parameters of the perturbative domain starting from the non-perturbative formulation [7] . In this context, the step scaling function which we will discuss later plays a key role. For different numbers of flavors, the step scaling function [8, 9, 10, 11, 12, 13] which can be understood as an integrated form of the QCD β-function and the running coupling have been examined and determined successfully (see [14, 15, 16] for recent publications). In this paper, we want to calculate the step scaling function and the running coupling with four flavors of O(a) improved Wilson quarks. For the present work, the improvement coefficient c sw which is essential for the O(a) improvement with Wilson quarks was determined in a preceding paper [17] . We exploit this result in the simulations that we report in the following.
The paper is organized as follows. In sections 2-5 we summarize some background about the nonperturbative definition of a coupling constant in the Schrö-dinger functional finite volume renormalization scheme and about the step scaling technique. In section 6 we present our new raw data and their analysis. We will arrive, for four flavors, at a value for the dimensionless combination ΛL max . While Λ parameterizes the coupling at high energy, L max is an unambiguously defined length in the hadronic regime. Its value in GeV remains to be determined by large volume simulations.
The finite size strategy
The fundamental parameters of QCD, i.e. the coupling and masses of the quarks, depend on a scale µ. To make contact with perturbative QCD we need to know their values for large µ in the domain of asymptotic freedom. If such a computation is attempted on a single lattice where at the same time hadronic scales are measurable with small finite volume and discretization effects one has to satisfy to a reasonable precision the string of inequalities
In total this implies L/a ≫ 70 which is impossible to satisfy for some time. A way to circumvent these difficulties was hence proposed by Lüscher et al. in [18] . The idea is to exploit the universality of the finite volume continuum limit to perform intermediate renormalizations with the finite size as a renormalization scale, µ = 1/L. In these steps only L ≫ a has to be assured to render cutoff effects small. By such simulations one can nonperturbatively determine the change of the coupling constant in the continuum limit under scale changes from L to L/2. By repeating such steps we start at L max ≈ O(0.5fm) and arrive after k steps at µ = 2 k /L max . With a sufficient number of steps this will be in the perturbative regime where we can make contact with the Λ parameter of an arbitrary scheme and with the scheme independent renormalization group invariant quark masses by applying perturbative formulas. If one finally succeeds in computing the precise value of L max in units of a mass or decay constant, then all references to the intermediate finite volumes will have disappeared from the final result. More details may be found in [7] .
Running coupling
As mentioned before, the coupling and the quark masses are renormalization scale dependent and run with energy. Therefore the quoted values of the quark masses and the world average of α s , both in the MS scheme, in the Particle Physics Booklet [19] are referred to a particular reference scale (µ ≈ 2 GeV for the masses and µ = M Z for the coupling).
From the theoretical point of view, the running of the QCD parameters is described by the renormalization group equation. However, a physical observable O should have no reference to a particular renormalization scale µ. This fact is expressed by the Callan-Symanzik equation
In words: for any change of µ there are accompanying modifications ofḡ and m i such that the physics is unchanged. The implied scale dependence of the coupling is given by β(ḡ) in (3.1)
For high energies or for weak couplings, the β-function has the following asymptotic expansion
3)
The first two (1-and 2-loop) coefficients b 0 and b 1 in (3.3) are scheme independent
The 3-loop coefficient does depend on the scheme and in the Schrödinger functional scheme, which we will need later, b 2 has been given in [24] 
We restrict ourselves to mass-independent schemes where all renormalization conditions are imposed at vanishing quark masses. Examples are the MS scheme of dimensional regularization and the Schrödinger functional scheme used here. For N f ≤ 16, the β-function (3.3) is negative at weak coupling and the integration of (3.2) results in a coupling which decreases with increasing energy. In other words, the quarks behave like free particles in the high energy regime (asymptotic freedom). But for N f > 16, there is a sign change and the property of asymptotic freedom is lost. The relation ofḡ(µ) to the Λ parameter of QCD is given by the following solution of the Callan-Symanzik equation
As is well-known, Λ is scheme-dependent but the transformation to other schemes follows from the relation between their couplings at one loop accuracy.
Coupling in the SF scheme
The finite-volume scheme which we use for our simulations is the Schrödinger functional (SF) scheme. In the following, we will only give a brief reminder of the main features and properties of this scheme which are discussed in detail in many papers, for example [20, 21, 22, 23, 24] . The original proposal was made in [20] . The construction was guided by several design criteria. The coupling constant was to be defined independently of perturbation theory, but its evaluation had to be manageable both in lattice perturbation theory (also beyond one loop) and by numerical simulation. Moreover, small lattice artefacts were demanded. These requirements are not easy to fulfill and have led to the Schrödinger functional which is the Euclidean propagation kernel of a field configuration C at time x 0 = 0 to another field configuration C ′ at time x 0 = T . The free energy or effective action Γ of such a system is given by
The action S is defined as in [17] . The choice of C k and C ′ k of the boundary gauge fields
is largely arbitrarily. After some optimization with regard to lattice artefacts constant Abelian fields turned out to be appropriate. We will also adopt this choice of boundary fields parameterized by the scale L and two dimensionless real parameters η and ν [8] . Numerical simulations of the Schrödinger functional showed that the choice ν = 0 leads to small statistical errors for the coupling in simulations. Therefore, we will also set ν to zero. The Schrödinger functional coupling is now defined by the response of Γ to a variation of the boundary fields around point 'A' of [8] via the parameter η,
where k is a normalization constant chosen such that the perturbative expansion of Γ ′ begins with the bare coupling at tree level [8] . It should be noticed that the only external scale which appears in the definition of the coupling is the box size L, i.e. recursive finite size techniques can be used for the investigation of the evolution of the coupling.
The key quantity Γ ′ in the definition of the coupling is an observable which can be calculated easily through Monte Carlo simulations. Taking the derivative of (4.1) results in
Explicit expressions for both expectation values in (4.7) can be found in [11, 25] . The calculation of the renormalized couplingḡ 2 involves expectation values of a local operator and no correlation functions. Therefore the numerical evaluation on a computer is straight forward once configurations are available. The relation to the QCD coupling in the Schrödinger functional scheme α SF is given by
To complete the definition of the coupling, also the boundary conditions for the quark fields have to be specified. We follow exactly [23] . In particular the angle entering the spatial periodicity of the quarks is chosen as θ = π/5 since this value is advantageous for the numerical simulations [11, 23] .
The step scaling function
The concept of the step scaling function which was introduced in [18] has proven to be a very useful recursive technique to scale the coupling to high energies. As we discussed before, in our finite-volume scheme, the energy scale µ is identified with L −1 . Hence the renormalization group function β (3.2) describes how the coupling changes if the box size is varied infinitesimally. The step scaling function σ(s, u), in comparison, gives then a description how the coupling behaves when the box size L is scaled by a factor s
The function σ(s, u) can be regarded as an integrated form of the renormalization group β-function. With the help of the step scaling function (5.1) the coupling can be traced to scales 2 −k L max (small box sizes, high energies) starting with an initial value L = L max . The value s = 2 is commonly used [11, 18, 26] in the application of σ(s, u) and we will also make this choice (from now on s = 2 and we will drop the argument s). The relation between the renormalization group β-function and the step scaling function σ(ḡ 2 (L)) is given by
For small values of the coupling u, the step scaling function has the following perturbative expansion
where the coefficients are given by
Both eq. (5.2) with the truncated β function as well as the expansion (5.3) can be used as the perturbative approximation of the step scaling function. They differ from each other by higher order terms. We take the first option when we compare our Monte Carlo results with perturbation theory. To study σ(u) numerically one starts with choosing several lattice sizes L/a and tuning the bare coupling g 2 0 and the hopping parameter κ in such a way that the value of the renormalized couplingḡ 2 (L) reaches some chosen valueḡ 2 (L) = u and the quark mass vanishes since we are in a massless scheme. The next step is to take L/a → 2L/a and simulate at the same bare parameters. The obtained couplingḡ 2 (2L) from the latter simulations is a lattice approximation Σ(u, a/L) of the continuum step scaling function σ(u). An extrapolation to the continuum of the data points at the same coupling u but growing L/a then leads to one value of the continuum function σ(u). The procedure is repeated until a suitable range of u is covered. An appropriate functional description of the continuum step scaling function can be given in the end in the form of a suitable fit-function that interpolates the data.
The lattice approximation Σ(u, a/L) of the step scaling function contains remnant lattice effects of order a. The reason is that beside our nonperturbative value for c sw there are boundary improvement coefficients for which only perturbative estimates are available. We use those to the known order [8, 23, 24] which ensures that O(a) cutoff effects in the step scaling function appear only starting at three-loop order.
The details of cutoff effects also depend on how the condition of a massless scheme is exactly implemented at a finite lattice spacing. As in the N f = 2 computation, we define the massless point on the smaller of the pair of lattices entering the step scaling function. More precisely, the (unrenormalized) PCAC quark mass,
is set to zero. The definition of the correlation functions f A , f P is found e.g. in [17, 27] . The second reference also contains a discussion of the influence of choosing the massless point in a way which differs from (5.8) at finite lattice spacing. For the improvement coefficient c A in (5.7) we used the 1-loop result [28] . In addition to the various improvement terms in the action and c A in (5.7) we exploit our knowledge of δ 1 and δ 2 from the perturbative calculation of
with the coefficients taken from [26] . Using these data we form the lattice step scaling function [29] 
which we expect to have smaller overall cutoff effects. They still start at order a × u 4 but terms of order a m × u n are removed for all m and for n ≤ 3 (in fact non-perturbatively in a). As mentioned previously, the order a × u 4 terms are due to the only perturbatively known boundary improvement terms. Their influence was explicitly checked for N f = 2 and found to be minor [11] , such that also here we assume that the step scaling function converges effectively at a rate
Once the non-perturbatively determined continuum step scaling function σ(u) is known, the running of the coupling can be computed easily. For this purpose, one solves the recurrence
where u max is chosen such that the corresponding scale L max is in the hadronic regime of QCD. Proceeding in this way the coupling can be obtained over a wide range of energies. At a sufficiently large energy µ = 2 k /L max (k n), perturbation theory can be applied for determining the quantity ΛL max using (3.7) with the β function truncated at 2-loop and 3-loop respectively.
Numerical computation and results

Simulation parameters and raw data
The choice of the improvement coefficients c t ,c t and c sw were as discussed in our preceding paper [17] . The range of β for our simulations was limited by the validity range of c sw with four flavors (β ≤ 5.0) [17] . Since our code allows only an even number of lattice points in each direction and lattices beyond L/a = 16 are too time-consuming for our present resources, we chose lattices (T = L) L/a = 4, 6, 8. We picked a sufficient number of values of β ∈ [5.0, 9.5] to adequately map out a rangeḡ 2 (L) = 0.9 . . . 2.7,ḡ 2 (2L) = 1.0 . . . 3.5. With some tuning of the hopping parameter κ the quark mass was kept small enough (|m 1 L| ≤ 0.005) such that mass-effects in the step scaling function are negligible.
We performed our simulations on 4-5 crates of the apeNEXT machine at DESY Zeuthen over a period of about a year. The raw data are listed in the appendix.
Analysis of data
The computation of the step scaling function on the lattice as described in section 5 requiresḡ 2 (L) to be fixed to certain values u while the resolution a/L is changed. Previously this was realized by tuning β for each pair u, L/a [8, 9, 11]. Instead we here follow the more convenient proposal of [13] to pick a sufficient range and number of bare couplings for each considered L/a and interpolate the running motivated by perturbation theory. Note, however, that we do not fix the known perturbative expansion coefficients; we do not even require c 0,L/a = 1. Somewhat different forms and values n were checked and we verified that our results do not depend on the details of these interpolations. An example is shown in figure 1 for a pair of lattice sizes, namely L/a = 8 and L/a = 16. The coefficients c m,L/a were determined by a standard χ 2 fit. From the interpolated couplings we computed Σ(u, a/L) for a number of values u starting from an initial coupling u initial = 0.9 and following roughly a sequence given by the recursion (5.14). (11) 6 1.297(5) 1.301 (5) 6 2.688(17) 2.698 (17) 8 1.298(6) 1.301 (6) 8 2.684(24) 2.697 (24) 1.2972 4 1.428(3) 1.430 (3) 2.6870 4 3.462 (22) 3.378 (21) 6 1.442(6) 1.448(6) 6 3.507(40) 3.517 (40) 8 1.446(7) 1.450 (7) 8 Results for Σ(u, a/L) and Σ (2) (u, a/L) for different lattices and couplings u.
Error propagation
The uncertainties of the initial MC data which can be found in the appendix are statistically uncorrelated. For the purpose of propagating their errors, let us collect them in a vector x with components x i . The above fit functionḡ 2 (β, L/a) may then be regarded a function f (x) of the initial data d . The error δf of f is simply estimated by
Since f is a relatively complicated function, it is convenient to avoid computing the derivatives ∂f /∂x i analytically. Instead we just compute them by a symmetric finite difference, with the step in x i given by δx i itself. This convenient method is applied for estimating the errors of all quantities derived from our data in the following. If desired also the correlation matrix of the errors of different observables can be obtained this way.
d We neglect that in the way we determine the interpolation ofḡ 2 there is also a dependence on the uncertainties δx i . In the fit we could also replace the errors δx i by a smooth predefined function of β. The results would not change significantly.
Results
Our result for both step scaling functions Σ(u, a/L) and the perturbatively corrected Σ (2) (u, a/L) are listed in table 1. As one can see in the visualization of our data, figure 2 , the cut-off effects seem to be very small except for L/a = 4. As a precaution against higher order cutoff effects, we thus excluded the data set of our coarsest lattice from our analysis leading to the continuum step scaling function. We carried out three different analysis.
• Constant fit: A fit of Σ (2) (u, a/L) for L/a = 6, 8 to a constant, for each u.
• Global fit:
with a separate, independent parameter σ(u) for each value u but a common parameter ρ modelling the cutoff-effects.
• L/a = 8 data:
The three different ansätze yield results which are in complete agreement with each other as seen in Table 2 . The value of ρ in (6.3) comes out to be ρ = 0.007(85) which is a good indication that cutoff effects are negligible in the data for L/a = 6, 8.
In figure 2 we depict the continuum extrapolation with the constant fit. However, as our final results we take just the L/a = 8 data. This is more conservative and we are confident that the statistical errors dominate over residual cutoff effects. In particular these data agree with the L/a = 6 data and also using Σ(u, a/L) instead of Σ (2) (u, a/L) has a negligible effect. Using a polynomial of degree five in u, we performed a constrained interpolation of the data in the fourth column in table 2. The coefficients up to u 3 were fixed by perturbation theory. Our fit
is shown in figure 3 (thick line). The perturbative step scaling functions are close to the one sigma range of the non-perturbative data points over the whole interval of the coupling u. We note also a peculiarity. Perturbation theory at 3-loop lies below the 2-loop truncation of the β-function and further away from the non-perturbative result. However, the 3-loop coefficient b 2 (eq. (3.6)) in the Schrödinger functional scheme changes its sign between N f = 2 and N f = 3 and it is rather small for N f = 4. It is hence not unlikely that the 4-loop term would move the perturbative curve closer again. (4) 1.181 (5) 1.1787 1.301 (4) 1.301 (5) 1.301 (6) 1.2972 1.448 (5) 1.448 (7) 1.450 (7) Results of different fit procedures (as described in the text) for the continuum extrapolation of the step scaling function.
Using the parameterization (6.4) of the step scaling function, we calculated the combination ln(ΛL max ) starting from the highest coupling u max =ḡ 2 (L max ) which was covered by our non-perturbative step scaling function and solved the recursion step (5.14) numerically to obtain the couplings u i which correspond to the energy scales µ = 2 i /L max . With the help of (3.7) and using the truncated 3-loop β function, we computed the values for ln(ΛL max ) recorded in table 3. From the L/a = 8 results we quote ln(ΛL max ) = −2.294(83) at u max = 3.45 (6.5) as our final result. This determination of the Λ-parameter in units of L max has a precision of ≈ 8%. It remains to gauge L max in physical units through a large volume computation. Therefore we here show the running of the coupling in the Schrödinger functional scheme in units of Λ. Figure 4 displays α SF computed from the sixth column of table 3. We observe that upon the iterative application of the step scaling function the difference between the perturbative (using (6.5)) and the non-perturbative coupling is around a 3-sigma effect at the strongest coupling.
Conclusions
We computed the step scaling function of the QCD coupling in the Schrödinger functional scheme with four massless flavors. We used O(a) improved Wilson quarks after first determining the Sheikholeslami Wohlert coefficient c sw [17] . The resulting cutoff effects are very small (figure 2, table 1) allowing for a continuum extrapolation. While the data are compatible with a constant for L/a ≥ 6, we assume this form only for L/a ≥ 8; the smaller lattices thus only enter the analysis by demonstrating that cutoff effects are small. We emphasize that this statement refers to the present level of statistical errors. If in the future statistical errors are further reduced, larger L/a will be necessary at the same time. It will be very interesting to see also the efficiency of computations with different regularizations of the Schrödinger functional as well as the corresponding test of the universality of the continuum limit. Most notably there are chirally rotated boundary conditions for the quarks [30, 31, 32] and staggered quarks [33, 34] for which results are expected soon.
Already now, we do observe a small but significant deviation from 3-loop perturbation theory at the largest coupling reached in figure 4 . of α SF ≈ 0.28. For N f = 2 a similar effect was visible only for larger coupling [11] e . These findings underline the necessity of going to weak coupling before applying perturbation theory.
Clearly the present work has brought us a good step closer to the computation of the Λ-parameter in 4-flavor QCD, which may then be perturbatively connected to e.g. the 5-flavor MS coupling at the Z-pole. However, the technically introduced scale L max remains to be expressed in physical units through large volume 4-flavor simulations. Apart from the challenge of tuning more parameters, one needs to treat a massive charm quark at small enough lattice spacing. Presently this appears to be a considerable challenge due to a severe slowing down of lattice simulation algorithms at small lattice spacings [35, 36] . 
Appendix: The MC data
We here list the results of our MC simulations. Each row refers to a separate simulation of about 50000 trajectories unless otherwise noted. Some of these simulations consist of independent replica (between 1 and 16). Measurements were taken after every trajectory for which we chose trajectory length τ = 1. The raw data for L/a = 8 and L/a = 16. The run L/a = 16, β = 5.44 has 98000 trajectories.
